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Â ðàìêàõ ìíîãîêîíôèãóðàöèîííîé ïðîöåäóðû Õàðòðè�
Ôîêà ïðåäëîæåí ìåòîä íàõîæäåíèÿ ðàäèàëüíûõ ÷àñòåé
îäíîýëåêòðîííûõ ôóíêöèé, âõîäÿùèõ â ñîñòàâ ìíîãî-
ýëåêòðîííîãî áàçèñà. Ðåøåíèå óðàâíåíèé Õàðòðè�Ôîêà
ñâåäåíî ê ðåøåíèþ ñèñòåìû ìàòðè÷íî-âåêòîðíûõ óðàâ-
íåíèé, ñôîðìóëèðîâàíû ïðàâèëà ïîñòðîåíèÿ ýòèõ óðàâ-
íåíèé è íàéäåíà óñòîé÷èâàÿ ÷èñëåííàÿ ñõåìà èõ ðåøå-
íèÿ.

Êëþ÷åâûå ñëîâà: ìíîãîêîíôèãóðàöèîííûé ìåòîä Õàðòðè�Ôîêà ìàòðè÷íî-
âåêòîðíîãî óðàâíåíèÿ.

Ìíîãîêîíôèãóðàöèîííûé ìåòîä Õàðòðè�Ôîêà (ÌÊÕÔ-ìåòîä) ïðèìåíÿåòñÿ âî ìíî-
ãèõ îáëàñòÿõ ôèçèêè êîíäåíñèðîâàííîãî ñîñòîÿíèÿ âåùåñòâà, êâàíòîâîé õèìèè, àòîì-
íîé ñïåêòðîñêîïèè, êàê ïðàâèëî â òåõ ñëó÷àÿõ, êîãäà íåîáõîäèìî äîñòè÷ü âûñîêîé òî÷-
íîñòè ðàñ÷åòîâ ýëåêòðîííîé ñòðóêòóðû àòîìîâ èëè èîíîâ.

ßâëÿÿñü âàðèàöèîííûì, ÌÊÕÔ-ìåòîä òðåáóåò ðåøåíèÿ ñèñòåìû èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèìåíåíèå êîíå÷íî-ðàçíîñòíûõ ñõåì [1, 2] íå
ìîæåò ãàðàíòèðîâàòü â îáùåì ñëó÷àå ñõîäèìîñòè ðåøåíèÿ íà îòäåëüíîì øàãå èòåðàöè-
îííîãî ÌÊÕÔ-ïðîöåññà, à ïîëó÷àåìûå òàêèì ñïîñîáîì âîëíîâûå ôóíêöèè íå îáëàäàþò
çàäàííîé ñòåïåíüþ ãëàäêîñòè, ÷òî íåîáõîäèìî äëÿ ðÿäà òâåðäîòåëüíûõ ïðèëîæåíèé
(íàïðèìåð, ïðè ïîñòðîåíèè ïñåâäîïîòåíöèàëîâ [4, 5]. Ñóùåñòâóþùèå ìåòîäû ðåøåíèÿ
óðàâíåíèé Õàðòðè�Ôîêà, îñíîâàííûå íà ðàçëîæåíèè ïî íàáîðàì áàçèñíûõ ôóíêöèé
[6] (â êîòîðûõ, êàê ïðàâèëî, èñïîëüçóþòñÿ ñëýòåðîâñêèå èëè ãàóññîâû îðáèòàëè) íå
âñåãäà ïîçâîëÿþò ðåøèòü óðàâíåíèÿ Õàðòðè�Ôîêà�Ðóòàíà [7] ñ çàäàííîé òî÷íîñòüþ.

Ïîëó÷åíèå ÌÊÕÔ-óðàâíåíèé ïðè ðàñøèðåíèè ìíîãîýëåêòðîííîãî áàçèñà è, ñîîòâåò-
ñòâåííî, ïðè óâåëè÷åíèè ÷èñëà îäíîýëåêòðîííûõ ñîñòîÿíèé, êîòîðûå íåîáõîäèìî îïðå-
äåëÿòü, ÿâëÿåòñÿ îòäåëüíîé, è ïðè òîì âåñüìà òðóäîåìêîé çàäà÷åé. Â ñëó÷àå ìåòîäà
Õàðòðè�Ôîêà, âûâîä óðàâíåíèé îñóùåñòâëÿåòñÿ àíàëèòè÷åñêè [1�3]. ÌÊÕÔ-óðàâíåíèÿ

37



Êðàòêèå ñîîáùåíèÿ ïî ôèçèêå ÔÈÀÍ íîìåð 9, 2010 ã.

ñòðîÿòñÿ íà îñíîâå óðàâíåíèé Õàðòðè�Ôîêà ïî óñëîæíåííûì ïðàâèëàì [8], êîòîðûå ñ
àëãîðèòìè÷åñêîé òî÷êè çðåíèÿ êðàéíå ñëîæíî ôîðìàëèçîâàòü è îáîáùèòü äëÿ ñëó÷àÿ
ïðîèçâîëüíîãî ìíîãîýëåêòðîííîãî áàçèñà.

Ïîýòîìó ïðåäñòàâëÿåò ïðàêòè÷åñêèé èíòåðåñ ïîñòðîèòü òàêóþ âû÷èñëèòåëü-
íóþ ñõåìó, â ðàìêàõ êîòîðîé íàõîæäåíèå ðåøåíèÿ ÌÊÕÔ-óðàâíåíèé ãàðàíòèðîâàëîñü
áû îïðåäåëåííûìè ìàòåìàòè÷åñêèìè êðèòåðèÿìè, êîòîðàÿ îáëàäàëà áû ïðîñòîòîé ðå-
àëèçàöèè è ëåãêî îáîáùàëàñü áû íà ñëó÷àé ïðîèçâîëüíîãî ðàñøèðåíèÿ ìíîãîýëåêòðîí-
íîãî áàçèñà.

Â äàííîé ðàáîòå äëÿ îïðåäåëåíèÿ îäíîýëåêòðîííûõ ñîñòîÿíèé, âõîäÿùèõ â ìíîãî-
ýëåêòðîííûé ÌÊÕÔ-áàçèñ, ïîëó÷åíà ñèñòåìà ìàòðè÷íî-âåêòîðíûõ óðàâíåíèé è ïîêà-
çàíî, ÷òî îíà ýêâèâàëåíòíà óðàâíåíèÿì ÌÊÕÔ-ìåòîäà. Äëÿ ýòîé ñèñòåìû ðàçðàáîòàíû
àëãîðèòìû ïîñòðîåíèÿ ìàòðè÷íî-âåêòîðíûõ óðàâíåíèé, íàéäåí èòåðàöèîííûé áûñòðî
ñõîäÿùèéñÿ ìåòîä ðåøåíèÿ äëÿ ñëó÷àÿ ïðîèçâîëüíîãî ìíîãîýëåêòðîííîãî áàçèñà. Ïðè-
âîäÿòñÿ ïðèìåðû ðàñ÷åòîâ äëÿ ðàçëè÷íûõ àòîìîâ.

Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì íåðåëÿòèâèñòñêîå óðàâíåíèå Øðåäèíãåðà äëÿ àòî-
ìà ñ çàðÿäîì Z è ÷èñëîì ýëåêòðîíîâ N , êîòîðîå â àòîìíûõ åäèíèöàõ èìååò âèä

[
−1

2

N∑
i=1

∇2
i − Z

N∑
i=1

1

ri

+
N∑

i<j

1

rij

]
Ψ (q) = EΨ (q) . (1)

Çäåñü ri - ðàäèóñ-âåêòîð i-ãî ýëåêòðîíà, ri = |ri|, rij = |ri − rj|, q = {q1, q2, . . . , qN}.
×åðåç qi îáîçíà÷åíà ñîâîêóïíîñòü ðàäèóñ-âåêòîðà ri è ñïèíîâîé ïåðåìåííîé σi, êîòîðóþ,
íåñìîòðÿ íà òî, ÷òî óðàâíåíèå (1) ÿâíûì îáðàçîì íå çàâèñèò îò ñïèíà, ïðèõîäèòñÿ
ââîäèòü âñëåäñòâèå ïðèíöèïà Ïàóëè [9].

Îáû÷íî â ÌÊÕÔ-ìåòîäå ðåøåíèå óðàâíåíèÿ (1) èùåòñÿ â âèäå êîíå÷íîãî ðàçëîæå-
íèÿ ïî ìíîãîýëåêòðîííîìó CSF-áàçèñó (con�guration state functions) [1]

Ψ(q) =

jmax∑
j=1

CjΦj(q). (2)

Êàæäûé åãî ýëåìåíò Φj(q) ñîîòâåòñòâóåò îïðåäåëåííîé ýëåêòðîííîé êîíôèãóðàöèè

[(n1l1)
w1 (n2l2)

w2 . . . (nvlv)
wv ]j (3)

ñ ÷èñëîì îáîëî÷åê v è ÷èñëîì ýëåêòðîíîâ wi íà i-îé îáîëî÷êå,
∑v

i=1 wi = N , è ïðåä-
ñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ ñëåòåðîâñêèõ äåòåðìèíàíòîâ

Φj(q) =

Kj∑

k=1

Aj
k|det αk,j

1 . . . αk,j
N 〉. (4)
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Äåòåðìèíàíò Ñëýòåðà çäåñü è äàëåå îáîçíà÷åí ÷åðåç

|det α1 . . . αN〉 =
1√
N !

∑
τ

ετ

N∏
i=1

ψατi
(qi), (5)

ñóììèðîâàíèå âåäåòñÿ ïî âñåì âîçìîæíûì ïåðåñòàíîâêàì τ èíäåêñîâ, ετ = ±1, åñëè
ïåðåñòàíîâêà τ ÷åòíàÿ èëè íå÷åòíàÿ ñîîòâåòñòâåííî.

Îäíîýëåêòðîííîå ñîñòîÿíèå

ψα(q) =
1

r
Pnl(r)Ylml

(θ, ϕ)χms(σ) (6)

â îáîçíà÷åíèÿõ Äèðàêà çàïèñûâàåòñÿ â âèäå

|α〉 = |nlmlms〉. (7)

Çäåñü n � ãëàâíîå êâàíòîâîå ÷èñëî, l � îðáèòàëüíûé óãëîâîé ìîìåíò (àçèìóòàëüíîå
êâàíòîâîå ÷èñëî), ml � ìàãíèòíîå êâàíòîâîå ÷èñëî, ms � ïðîåêöèÿ ñïèíà íà âûäåëåí-
íóþ îñü z. Â âûðàæåíèè (6) ïåðåìåííûå (r, θ, φ) îáîçíà÷àþò ñôåðè÷åñêèå êîîðäèíàòû,
Ylml

(θ, ϕ) � ñôåðè÷åñêàÿ ôóíêöèÿ [10], χms(σ) � ñïèíîâàÿ ÷àñòü îäíîýëåêòðîííîãî ñî-
ñòîÿíèÿ.

Â äàííîé ðàáîòå ïðåäïîëàãàþòñÿ èçâåñòíûìè [11] ÷èñëî jmax, âõîäÿùåå â ôîðìóëó
(2), êîýôôèöèåíòû Aj

k è íàáîðû êâàíòîâûõ ÷èñåë αj,k
1 , . . . , αj,k

N îäíîýëåêòðîííûõ ñî-
ñòîÿíèé, ôîðìèðóþùèõ ñëýòåðîâñêèå äåòåðìèíàíòû â âûðàæåíèè (4); ∀j ∈ [1, jmax],
∀k ∈ [1, Kj]. Êðîìå ýòîãî, ïðåäïîëàãàåòñÿ, ÷òî íåèçâåñòíûå êîýôôèöèåíòû Cj ðàçëî-
æåíèÿ (2) îïðåäåëÿþòñÿ â ðàìêàõ ñàìîñîãëàñîâàííîé ÌÊÕÔ-ïðîöåäóðû ñòàíäàðòíûì
ñïîñîáîì [1].

Òàêèì îáðàçîì, íåîáõîäèìî îïðåäåëèòü âñå íåèçâåñòíûå ðàäèàëüíûå ôóíêöèè Pnl(r)

ñ ðàçëè÷íûìè nl, âõîäÿùèå â áàçèñ (4). Ïðè ýòîì, òàê êàê âîëíîâûå ôóíêöèè (6) îð-
òîíîðìèðîâàíû, íà ðàäèàëüíûå ôóíêöèè Pnl(r) íàëàãàþòñÿ äîïîëíèòåëüíûå óñëîâèÿ
îðòîíîðìèðîâêè ∫ ∞

0

Pnl(r)Pn′l(r)dr = δnn′ , l = 0, 1 . . . lmax. (8)

Îäíî÷àñòè÷íûé áàçèñ. Áóäåì èñêàòü îäíî÷àñòè÷íûå ðàäèàëüíûå ôóíêöèè Pnl(r) â
âèäå ïîäêëàññà ôóíêöèé, ïðåäñòàâèìûõ â âèäå êîíå÷íîãî ðàçëîæåíèÿ

Pnl(r) =

Kl
max∑

k=0

bnl
k Qkl(r) (9)
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ïî îðòîíîðìèðîâàííîìó áàçèñó

Qkl(r) =

√
k!

(k + 2l + 2)!
rl+1e−

r
2 L2l+2

k (r) . (10)

Çäåñü Lα
n(x) � ìíîãî÷ëåíû ×åáûøåâà�Ëàãåððà [10, 12], l ∈ [0, lmax]. Áàçèñ (9) ïðèìåíÿ-

åòñÿ ïðè ðåøåíèè ðàçëè÷íûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè [12].
Ôèçè÷åñêèé ñìûñë ðàäèàëüíûõ ôóíêöèé Pnl(r) ñîñòîèò â òîì, ÷òî îíè ñîîòâåòñòâóþò

ðàñïðåäåëåíèþ ýëåêòðîííîé ïëîòíîñòè â àòîìå, êîòîðàÿ ýêñïîíåíöèàëüíî ñïàäàåò ïðè
óâåëè÷åíèè ðàäèóñà r [9]. Ïîýòîìó ïðè ïðîâåäåíèè âû÷èñëåíèé òàì, ãäå ôóíêöèè Pnl(r)

íåîáõîäèìî èñïîëüçîâàòü â ÿâíîì âèäå, îáëàñòü r ∈ [0,∞) çàìåíÿåòñÿ îáëàñòüþ r ∈
[0, rmax].

Âàðèàöèîííûå ñîîòíîøåíèÿ. Â âûðàæåíèå äëÿ ïîëíîé ýíåðãèè E = 〈Ψ|H|Ψ〉 óðàâ-
íåíèÿ (1) â ñîîòâåòñòâèå ñ îáùèìè ïðàâèëàìè âû÷èñëåíèÿ ìàòðè÷íûõ ýëåìåíòîâ ìíîãî-
ýëåêòðîííîãî íåðåëÿòèâèñòñêîãî ãàìèëüòîíèàíà ìåæäó ñëýòåðîâñêèìè äåòåðìèíàíòàìè
[3, 6] âõîäÿò îäíîýëåêòðîííûå

Iab =

∫ ∞

0

Pnal(r)D̂lPnbl(r)dr, D̂l = − d2

2dr2
+

l(l + 1)

2r2
− Z

r
, (11)

ãäå la = lb = l çà ñ÷åò ïðîèçâåäåíèÿ ñôåðè÷åñêèõ ãàðìîíèê, a = {nl}, è äâóõýëåêòðîííûå
èíòåãðàëû

Rk
abcd =

∫∫
Pa(r1)Pb(r2)Pc(r1)Pd(r2)

rk
<

rk+1
>

dr2dr1. (12)

Ïîñëåäíèå çàïèñûâàþòñÿ êàê

Rk
abcd =

∫ ∞

0

Pa(r1)Pc(r1)
1

r1

Y k
bd(r1)dr1 =

∫ ∞

0

Pb(r2)Pd(r2)
1

r2

Y k
ac(r2)dr2, (13)

ñ ïîìîùüþ îáîçíà÷åíèÿ

Y k
ab(r1) = r1

∫
rk
<

rk+1
>

Pnala(r2)Pnblb(r2)dr2, (14)

êîòîðîå ïîñëå ýëåìåíòàðíûõ óïðîùåíèé ïðèíèìàåò âèä

Y k
ab(r1) =

∫ r1

0

(
r2

r1

)k

Pnala(r2)Pnblb(r2)dr2 +

∫ ∞

r1

(
r1

r2

)k+1

Pnala(r2)Pnblb(r2)dr2. (15)

Ïîäñòàâëÿÿ ðàçëîæåíèå (9) â ïîäûíòåãðàëüíûå âûðàæåíèÿ (11) è (12) è ïðîèçâîäÿ
âàðüèðîâàíèå ïî êîýôôèöèåíòàì b

ni0
l0

k0
, ïîëó÷àåì

∂Iab

[{bnl
k }

]

∂b
ni0

l0
k0

= δl0
l

Kl
max∑

k=1

ξl
kk0

(δ
ni0
na bnbl

k + δ
ni0
nb bnal

k ), (16)
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∂Rk
abcd

[{bnl
k }

]

∂bn0l0
k0

= δl0
la
δn0
na

Klc
max∑

k1=1

ηlalc,k,bd
k0k1

bnclc
k1

+ δl0
lb
δn0
nb

K
ld
max∑

k1=1

ηlbld,k,ac
k0k1

bndld
k1

+ (17)

+δl0
lc
δn0
nc

Kla
max∑

k1=1

ηlcla,k,bd
k0k1

bnala
k1

+ δl0
ld
δn0
nd

K
lb
max∑

k1=1

ηldlb,k,ac
k0k1

bnblb
k1

.

Çäåñü
ξl
k1k2

=

∫ ∞

0

Qk1l(r)D̂lQk2l(r)dr = ξl
k2k1

, (18)

ηl1l2,k,ab
k1k2

=

∫
Qk1l1(r)Qk2l2(r)

1

r
Y k

ab(r)dr, (19)

ïðè ýòîì
ηl1l2,k,ab

k1k2
= ηl2l1,k,ab

k2k1
, íî, âîîáùå ãîâîðÿ, ηl1l2,k,ab

k1k2
6= ηl1l2,k,ab

k2k1
. (20)

Âõîäÿùåå â ôóíêöèþ Ëàãðàíæà óñëîâèå îðòîíîðìèðîâêè (8)

G
[{bnl

k }
]

=
lmax∑

l=0

N l
max∑

i=1
j=i

λl
ij(

Kl
max∑

k1=1

bnil
k1

b
nj l
k1
− δij). (21)

ïðè âàðüèðîâàíèè ïî b
ni0

l0
k0

äàåò ñëåäóþùèé âêëàä â óðàâíåíèå íà êîýôôèöèåíòû b.

∂G
[{bnl

k }
]

∂b
ni0

l0
k0

=

N
l0
max∑

s=1

λl0
si0

(1 + δs
i0
)bnsl0

k0
. (22)

Àòîì ãåëèÿ â ñîñòîÿíèè 1S. Ðàññìîòðèì, â êà÷åñòâå ïðèìåðà, ñèñòåìó ìàòðè÷íî-
âåêòîðíûõ óðàâíåíèé äëÿ àòîìà ãåëèÿ â îñíîâíîì ñîñòîÿíèè â áàçèñå, ñîñòîÿùåì èç
÷åòûðåõ êîíôèãóðàöèé {1s2, 1s2s, 2s2, 2p2}. Â ýòîì ñëó÷àå ñóùåñòâóåò ÷åòûðå áàçèñíûõ
ñîñòîÿíèÿ (4)

Φ1(q1, q2) = |det 1 0 0↓, 1 0 0↑ 〉, (23)

Φ2(q1, q2) = − 1√
2
|det 1 0 0↓, 2 0 0↑ 〉+

1√
2
|det 1 0 0↑, 2 0 0↓ 〉, (24)

Φ3(q1, q2) = |det 2 0 0↓, 2 0 0↑ 〉, (25)

Φ4(q1, q2) = − 1√
3
|det 21−1↓, 211↑ 〉+

1√
3
|det 21−1↑, 211↓ 〉+

1√
3
|det 210↓, 210↑ 〉. (26)
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Ïîëíàÿ ýíåðãèÿ ñèñòåìû èìååò âèä

E = (2C2
1 + C2

2)I10,10 + (2C2
3 + C2

2)I20,20 − 2
√

2(C1C2 + C2C3)I10,20 + 2C2
4I21,21+

+C2
1R

0
10,10,10,10 + C2

3R
0
20,20,20,20 − 2

√
2C1C2R

0
10,10,10,20 − 2

√
2C2C3R

0
10,20,20,20+

+C2
2R

0
10,20,10,20 + (C2

2 + 2C1C3)R
0
10,10,20,20 + C2

4R
0
21,21,21,21 +

2

5
C2

4R
2
21,21,21,21+ (27)

+
2√
3
C1C4R

1
10,10,21,21 −

2
√

2√
3

C2C4R
1
10,20,21,21 +

2√
3
C3C4R

1
20,20,21,21.

Åé ñîîòâåòñòâóåò ñèñòåìà ìàòðè÷íî-âåêòîðíûõ óðàâíåíèé

A11b
10 + A12b

20 + A13b
21 = −2λ0

11b
10 − λ0

12b
20, (28)

A21b
10 + A22b

20 + A23b
21 = −λ0

12b
10 − 2λ0

22b
20, (29)

A31b
10 + A32b

20 + A33b
21 = −2λ1

11b
21, (30)

ãäå ìàòðèöû, ñòîÿùèå ïåðåä âåêòîðàìè bnl, ðàâíû

(A11)ij = 2(2C2
1 + C2

2)ξ0
ij + 4C2

1η
00,0,1010
ij − 4

√
2C1C2η

00,0,1020
ij + 2C2

2η
00,0,2020
ij , (31)

(A12)ij = −2
√

2(C1C2 + C2C3)ξ
0
ij − 2

√
2C1C2η

00,0,1010
ij − (32)

−2
√

2C2C3η
00,0,2020
ij + 2(C2

2 + 2C1C3)η
00,0,1020
ij ,

(A13)ij =
4√
3
C1C4η

01,1,1021
ij − 2

√
2√
3

C2C4η
01,1,2021
ij , (33)

(A22)ij = 2(2C2
3 + C2

2)ξ0
ij + 4C2

3η
00,0,2020
ij − 4

√
2C2C3η

00,0,1020
ij + 2C2

2η
00,0,1010
ij , (34)

(A23)ij = −2
√

2√
3

C2C4η
01,1,1021
ij +

4√
3
C3C4η

01,1,2021
ij , (35)

(A33)ij = 4C2
4ξ

1
ij + 4C2

4η
11,0,2121
ij +

8

5
C2

4η
11,2,2121
ij . (36)
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Ïðè ýòîì A12 = A21, (A13)
T = A31 è (A23)

T = A32. Êðîìå ýòîãî íåîáõîäèìî ïîíèìàòü,
÷òî ðàçìåðíîñòü K l0

max âåêòîðîâ b10 è b20, âîîáùå ãîâîðÿ, îòëè÷àåòñÿ îò ðàçìåðíîñòè
K l1

max âåêòîðà b21, òî åñòü ìàòðèöû A13 è A23 � ïðÿìîóãîëüíûå.
Ðåøåíèå ñèñòåìû ìàòðè÷íî-âåêòîðíûõ óðàâíåíèé. Ðàññìîòðèì ñèñòåìó ìàòðè÷íî-

âåêòîðíûõ óðàâíåíèé, çàïèñàííóþ â îáùåì âèäå
m∑

j=1

Aijxj =

kmax(i)∑

k=kmin(i)

λli
v(i)kxk, kmin(i) ≤ v(i) ≤ kmax(i), i = 1, 2 . . . m. (37)

Âåêòîðû xj, ÷èñëî êîòîðûõ ïðåäïîëàãàåòñÿ ðàâíûì m, ïðåäñòàâëÿþò ñîáîé êîýôôèöè-
åíòû ðàçëîæåíèÿ àòîìíûõ âîëíîâûõ ôóíêöèé (9): xj ↔ bnl (â ïðèìåðå äàííîé ðàáîòû
x1 ↔ b10, x2 ↔ b20, x3 ↔ b21) è ñ÷èòàþòñÿ óïîðÿäî÷åííûìè ïî l � îðáèòàëüíîìó
êâàíòîâîìó ÷èñëó, òàê ÷òî (xi,xj) = δij è li = lj = const, ∀i, j ∈ [kmin(i), kmax(i)].

Ñèñòåìà (37) ïðåäñòàâëÿåò ñîáîé çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ â íåêîòîðîì îáîá-
ùåííîì ñìûñëå. À èìåííî, òðåáóåòñÿ íàéòè òàêèå ïîïàðíî äëÿ êàæäîãî l îðòîíîðìè-
ðîâàííûå âåêòîðû xj è îòâå÷àþùèå èì îáîáùåííûå ñîáñòâåííûå ÷èñëà λli

ij, ÷òîáû âû-
ïîëíÿëèñü âñå ðàâåíñòâà ñèñòåìû (37). Ïðàêòè÷åñêè, ðàçìåðíîñòè âåêòîðîâ xj ðàâíû
ïðèáëèçèòåëüíî 100. Ýòî îçíà÷àåò, ÷òî íåîáõîäèìî ðåøàòü ñèñòåìó óðàâíåíèé ñ ÷èñëîì
ïåðåìåííûõ îò 100 äî 1000, ÷òî îñóùåñòâèìî òîëüêî ÷èñëåííî, ñ èñïîëüçîâàíèåì ÝÂÌ.

Áóäåì èñêàòü ðåøåíèå ñ ïîìîùüþ èòåðàöèîííîãî àëãîðèòìà, êîòîðûé ïîñòðîèì ñëå-
äóþùèì îáðàçîì. Ââåäåì âåëè÷èíû

qi =
n∑

j=1

Aijxj, (38)

dqi = qi −
kmax(i)∑

k=kmin(i)

(qi,xk)xk. (39)

Ãåîìåòðè÷åñêèé ñìûñë íåâÿçêè dqi çàêëþ÷àåòñÿ â òîì, ÷òî îíà ïðåäñòàâëÿåò ñîáîé âåê-
òîð, îðòîãîíàëüíûé ïîäïðîñòðàíñòâó Span(xj), îïðåäåëÿåìîìó áàçèñîì, ñîñòîÿùèì èç
âåêòîðîâ xj, j ∈ [kmin(i), kmax(i)]. Òîãäà, åñëè íàáîð {xj}m

j=1 � ðåøåíèå, òî êàæäûé âåê-
òîð qi ëåæèò òîëüêî â ïðîñòðàíñòâå Span(xj), êàê ýòî ñëåäóåò èç (37), è, ñëåäîâàòåëüíî,
dqi = 0. Òàêèì îáðàçîì, íóæíî ìèíèìèçèðîâàòü îðòîãîíàëüíóþ íåâÿçêó (39)

dqi → min
{xj}m

j=1

, i = 1, 2, . . . ,m. (40)

Èëè, ÷òî òî æå ñàìîå, íàéòè èòåðàöèîííîå ðåøåíèå óðàâíåíèÿ

dqi

({xj}m
j=1

)
= 0, i = 1, 2, . . . , m. (41)
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Ðèñ. 1: Ýëåêòðîííàÿ ïëîòíîñòü àòîìà Mg.

Çàäà÷è òèïà (41) ðåøàþòñÿ ñëåäóþùèì îáðàçîì [13, 14].
Ïóñòü èìååòñÿ íåêîòîðîå íà÷àëüíîå ïðèáëèæåíèå {x0

j}m
j=1. Áóäåì âû÷èñëÿòü ïîñëå-

äóþùåå ïðèáëèæåíèå ïî ïðàâèëó

zk+1
j = xk

j − αjdqk
j , xk+1

j = zk+1
j /|zk+1

j |, j = 1, 2, . . . , m, (42)

ïîêà ïðîöåññ íå ñîéäåòñÿ. Çäåñü αj - íåêîòîðàÿ ìàëàÿ ïîñòîÿííàÿ ìàòðèöà ñ äîìèíè-
ðóþùèìè äèàãîíàëüíûìè ýëåìåíòàìè (∼ 10−2 ÷ 10−5), êîòîðàÿ äëÿ îäíèõ è òåõ æå l

îäèíàêîâà,

|x| =



Kl
max∑

i=1

x2
i




1
2

. (43)

Â ðåçóëüòàòå, ïîëó÷àþùèåñÿ ïî ñõåìå (42) ðåøåíèÿ xi ïîïàðíî äëÿ êàæäîãî l îðòîíîð-
ìèðîâàíû, à îòâå÷àþùèå èì ÷èñëà λli

ij, êàê ýòî ñëåäóåò èç âàðèàöèîííîãî ïðèíöèïà, �
ñèììåòðè÷íû ïî i, j.

Â êà÷åñòâå íà÷àëüíûõ çíà÷åíèé {x0
j}m

j=1 ñëåäóåò âûáèðàòü (nj−lj−1)-ûå ñîáñòâåííûå
âåêòîðû äèàãîíàëüíûõ ìàòðèö Ajj (ñ÷èòàåì, ÷òî íèæíåå ñîáñòâåííîå çíà÷åíèå èíäåê-
ñèðóåòñÿ ñ íóëÿ).

Óâåëè÷åíèå ñêîðîñòè ñõîäèìîñòè ðåøåíèÿ ñëåäóåò ïðîâîäèòü â ñîîòâåòñòâèå ñ óêà-
çàíèÿìè ðàáîòû [15], â êîòîðîé ïîêàçàíî, ÷òî â êà÷åñòâå ìàòðèöû αj â óðàâíåíèÿõ (42)
ñëåäóåò áðàòü äèàãîíàëüíóþ ìàòðèöó, ýëåìåíòû êîòîðîé ðàâíû îáðàòíûì ìàòðè÷íûì
ýëåìåíòàì îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè, âû÷èñëåííûì ïî áàçèñíûì ôóíêöèÿì (9).
Ýòî ïîçâîëÿåò ïîäàâèòü íåðàâíîìåðíî ðàñòóùèå êîìïîíåíòû èòåðèðóåìûõ âåêòîðîâ, è
òàêèì îáðàçîì óñêîðèòü ñõîäèìîñòü ïðîöåññà ïðèáëèçèòåëüíî â 10 ðàç.
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Ðèñ. 2: Çàâèñèìîñòü âåëè÷èíû íåâÿçêè |dq| îò íîìåðà èòåðàöèè äëÿ àòîìà Mg.

Êðîìå ýòîãî, ïðèìåíèå ìåòîäà ïðÿìîãî îáðàùåíèÿ èòåðèðîâàííîãî ïîäïðîñòðàíñòâà
(direct inversion of iterative subspace � DIIS), èçëîæåííîãî â ðàáîòå [16], óñêîðÿåò ñõî-
äèìîñòü èòåðàöèîííîãî ïðîöåññà ïðèáëèçèòåëüíî â √n ðàç, ãäå n � ÷èñëî èòåðàöèé äî
óñêîðåíèÿ. Íà ðèñ. 1 è ðèñ. 2 ïðåäñòàâëåíû ïðèìåðû ðàñ÷åòîâ äëÿ àòîìà Mg.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå íàó÷íûõ ïðîãðàìì Ïðåçè-
äèóìà ÐÀÍ, ÎÔÍ ÐÀÍ è ÐÔÔÈ (ãðàíò N08�02�00757). Àâòîðû âûðàæàþò èñêðåííþþ
áëàãîäàðíîñòü Å. Ã.Ìàêñèìîâó çà öåííûå ñîâåòû è çàìå÷àíèÿ â õîäå ïîäãîòîâêè ñòàòüè.
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