
íîìåð 10, 2010 ã. Êðàòêèå ñîîáùåíèÿ ïî ôèçèêå ÔÈÀÍ

ÓÄÊ 621.315.592;537.311.322

Ê ÒÅÎÐÈÈ ÏÎÃËÎÙÅÍÈß ÝËÅÊÒÐÎÌÀÃÍÈÒÍÎÃÎ
ÈÇËÓ×ÅÍÈß ÏÐÈ ÌÅÆÏÎÄÇÎÍÍÛÕ ÏÅÐÅÕÎÄÀÕ

ÝËÅÊÒÐÎÍÎÂ Â ÑÂÅÐÕÐÅØÅÒÊÀÕ
Â.À. ×óåíêîâ

Ïîëó÷åíî òî÷íîå ðåøåíèå óðàâíåíèÿ Øðåäèíãåðà äëÿ
ýëåêòðîíîâ â ñâåðõðåøåòêàõ ñ ïðÿìîóãîëüíûìè ïîòåí-
öèàëüíûìè áàðüåðàìè è ïåðèîäè÷åñêèì ïîòåíöèàëîì. Â
ïåðâîì ïîðÿäêå òåîðèè âîçìóùåíèé ïîëó÷åíî òî÷íîå
àíàëèòè÷åñêîå âûðàæåíèå äëÿ êîýôôèöèåíòà ïîãëîùå-
íèÿ ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ ïðè ìåæïîäçîííûõ
ïåðåõîäàõ ýëåêòðîíîâ â ïîäîáíîãî ðîäà ñâåðõðåøåòêàõ ñ
ïðîèçâîëüíûìè ïàðàìåòðàìè. Ðàññìîòðåí ðÿä ïðåäåëü-
íûõ ñëó÷àåâ.

Êëþ÷åâûå ñëîâà: ìåæïîäçîííûå ïåðåõîäû, ñâåðõðåøåòêà, ïîãëîùåíèå èçëó÷åíèÿ.
Ïðèíöèïèàëüíî âàæíûì ñâîéñòâîì ìåæïîäçîííûõ ïåðåõîäîâ ýëåêòðîíîâ â ñâåðõðå-

øåòêàõ, êàê èçâåñòíî, ÿâëÿåòñÿ áîëüøàÿ âåëè÷èíà ìàòðè÷íûõ ýëåìåíòîâ îïòè÷åñêèõ
ïåðåõîäîâ. Êîýôôèöèåíò ïîãëîùåíèÿ ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ ïðè òàêèõ ïåðåõî-
äàõ â îáëàñòè ÷àñòîò ω & 1013 ñåê−1 äîñòèãàåò çíà÷åíèé 103 − 104 ñì−1. Òàêèì îáðà-
çîì, äàæå íåáîëüøàÿ ñòåïåíü èíâåðñèè â ðàñïðåäåëåíèè íîñèòåëåé çàðÿäà â íèæíèõ
ñîñòîÿíèÿõ äîëæíà ïðèâîäèòü ê ðåçêîìó âîçðàñòàíèþ èíòåíñèâíîñòè âûíóæäåííîãî
èçëó÷åíèÿ. Ýòî îáñòîÿòåëüñòâî, õàðàêòåðíîå äëÿ ìåæïîäçîííûõ îïòè÷åñêèõ ïåðåõîäîâ,
ÿâëÿåòñÿ âåñüìà ñóùåñòâåííûì ñ òî÷êè çðåíèÿ ëàçåðíîé ïðîáëåìàòèêè è ñòèìóëèðóåò
ïîèñê óñëîâèé, ïðèâîäÿùèõ ê âîçíèêíîâåíèþ èíâåðòèðîâàííûõ ðàñïðåäåëåíèé è ëàçåð-
íîé ãåíåðàöèè â ïîëóïðîâîäíèêîâûõ ãåòåðîñòðóêòóðàõ ñ êâàíòîâûìè ÿìàìè.

Òåîðåòè÷åñêîìó è ýêñïåðèìåíòàëüíîìó èññëåäîâàíèþ ýòîãî âîïðîñà ïîñâÿùåíî áîëü-
øîå ÷èñëî ðàáîò, ïîäðîáíûé ïåðå÷åíü è àíàëèç êîòîðûõ ïðèâåäåí â [1�4]. Ìû íå áóäåì
íà ýòîì îñòàíàâëèâàòüñÿ.

Öåëü íàñòîÿùåé ðàáîòû � íàéòè òî÷íûå àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ îäíî-
ýëåêòðîííûõ ôóíêöèé Áëîõà â ñâåðõðåøåòêàõ ñ ïðÿìîóãîëüíûìè ïîòåíöèàëüíûìè
áàðüåðàìè è ïðîèçâîëüíûìè çíà÷åíèÿìè ïàðàìåòðîâ (øèðèíîé êâàíòîâûõ ÿì, øèðè-
íîé è âûñîòîé ïîòåíöèàëüíûõ áàðüåðîâ, çíà÷åíèÿìè ýôôåêòèâíûõ ìàññ ýëåêòðîíîâ
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â ÿìàõ è áàðüåðàõ), à òàêæå â ïåðâîì ïîðÿäêå òåîðèè âîçìóùåíèé ïîëó÷èòü òî÷íîå
àíàëèòè÷åñêîå âûðàæåíèå äëÿ êîýôôèöèåíòà ïîãëîùåíèÿ ýëåêòðîìàãíèòíîãî èçëó÷å-
íèÿ ïðè ìåæïîäçîííûõ ïåðåõîäàõ ýëåêòðîíîâ â óêàçàííûõ âûøå òèïàõ ñâåðõðåøåòîê.
Â ñâåðõðåøåòêàõ ñ áåñêîíå÷íî øèðîêèìè èëè áåñêîíå÷íî âûñîêèìè ïîòåíöèàëüíûìè
áàðüåðàìè ïîëó÷åííûå íàìè âûðàæåíèÿ äëÿ ôóíêöèé Áëîõà è êîýôôèöèåíòà ïîãëî-
ùåíèÿ ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ ñîâïàäàþò ñ âûðàæåíèÿìè, ïðèâåäåííûìè â [1,
2, 4]. Â ðàáîòå [3] ÿâíûå âûðàæåíèÿ äëÿ ôóíêöèé Áëîõà â ñâåðõðåøåòêàõ îòñóòñòâóþò.

1. Âîëíîâûå ôóíêöèè Áëîõà è ýíåðãåòè÷åñêèé ñïåêòð ýëåêòðîíîâ â ñâåðõðåøåòêàõ
ñ ïðîèçâîëüíûìè çíà÷åíèÿìè ïàðàìåòðîâ.

Â ìîäåëè Êðîíèãà�Ïåííè âîëíîâàÿ ôóíêöèÿ ýëåêòðîíîâ â ñâåðõðåøåòêå

Ψ(x, y, z) =
1√
S

ei(kxx+kyy) · Φ(z), (1)

ãäå S � ïëîùàäü ñâåðõðåøåòêè â ïëîñêîñòè (x, y), a � øèðèíà êâàíòîâûõ ÿì, b � øèðèíà
áàðüåðîâ, d = a + b � ïåðèîä ñâåðõðåøåòêè, kx, ky � ñîñòàâëÿþùèå âîëíîâîãî âåêòîðà
ýëåêòðîíîâ âäîëü îñåé x è y, à ôóíêöèÿ Φ(z) ïîä÷èíÿåòñÿ óðàâíåíèþ Øðåäèíãåðà

− ~2

2m(z)

d2Φ

dz2
+ V (z)Φ = E(kz)Φ, (2)

â êîòîðîì m(z) � ýôôåêòèâíàÿ ìàññà ýëåêòðîíîâ, V (z) � ïîòåíöèàë, E(kz) � ýíåðãèÿ
ïîïåðå÷íîãî äâèæåíèÿ ýëåêòðîíîâ, kz � ñîñòàâëÿþùàÿ âîëíîâîãî âåêòîðà âäîëü îñè z.
Ïðåäïîëîæèì, ÷òî â êâàíòîâûõ ÿìàõ ìàññà m(z) = mα, ïîòåíöèàë V (z) = 0; â áàðüåðàõ
� m(z) = mβ, V (z) = V0 (ñì. ðèñ. 1).

Ââåäåì îáîçíà÷åíèÿ: ôóíêöèÿ

Φ(z) ≡ Φ1(z) ïðè − b− a

2
≤ z ≤ −a

2
, (3)

Φ(z) ≡ Φ2(z) ïðè − a

2
≤ z ≤ a

2
, (4)

Φ(z) ≡ Φ3(z) ïðè a

2
≤ z ≤ a

2
+ b. (5)

Ðåøåíèÿ óðàâíåíèÿ (2) â óêàçàííûõ â (3)-(5) îáëàñòÿõ çíà÷åíèé z ïðè ãðàíè÷íûõ óñëî-
âèÿõ

Φ1

(
−a

2

)
= Φ2

(
−a

2

)
,

1

mβ

Φ′
1

(
−a

2

)
=

1

mα

Φ′
2

(
−a

2

)
,

Φ2

(a

2

)
= Φ3

(a

2

)
,

1

mα

Φ′
2

(a

2

)
=

1

mβ

Φ′
3

(a

2

)
(6)
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Ðèñ. 1: Ñõåìà ïåðèîäè÷åñêîé ñòðóêòóðû ñ êâàíòîâûìè ÿìàìè è áàðüåðàìè.

è óñëîâèÿõ Áëîõà
Φ1

(
−b− a

2

)
= e−ikzd · Φ2

(a

2

)
,

1

mβ

Φ′
1

(
−b− a

2

)
=

1

mα

e−ikzd · Φ′
2

(a

2

)
, (7)

Φ2

(
−a

2

)
= e−ikzd · Φ3

(
b +

a

2

)
,

1

mα

Φ′
2

(
−a

2

)
=

1

mβ

e−ikzd · Φ′
3

(
b +

a

2

)
,

âûðàæàþùèõ ðàâåíñòâî ôóíêöèé Φs(z) (s = 1, 2, 3) è ïîòîêîâ ýëåêòðîíîâ íà ãðàíèöàõ
áàðüåðîâ, äëÿ ÷åòíûõ ñîñòîÿíèé (îòìåòèì èõ èíäåêñîì l = 1, 3, 5, ...) ïðèíèìàþò âèä:

Φ1l(z) = Cl exp
{

βl

(
z +

a

2

)}
+ Dl exp

{
−βl

(
z +

a

2

)}
, (8)

Φ2l(z) = Bl{(1 + fl) cos αlz − i(1− fl)sinαlz}, (9)

Φ3l(z) = C∗
l exp

{
−βl

(
z − a

2

)}
+ D∗

l exp
{

βl

(
z − a

2

)}
, (10)

ãäå
Cl = ReCl + iImCl, C∗

l = ReCl − iImCl, (11)

ReCl =
Bl

2
(1 + fl)

(
cos

αla

2
+

1

ξl

sinαla

2

)
, (12)

ImCl =
Bl

2
(1− fl)

(
sinαla

2
− 1

ξl

cos
αla

2

)
, (13)

Dl = ReDl + iImDl, D∗
l = ReDl − iImDl, (14)
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ReDl =
Bl

2
(1 + fl)

(
cos

αla

2
− 1

ξl

sinαla

2

)
, (15)

ImDl =
Bl

2
(1− fl)

(
sinαla

2
+

1

ξl

cos
αla

2

)
, (16)

βl =
1

~
{2mβ[V0 − El(kz)]}1/2, αl =

1

~
[2mαEl(kz)]

1/2,

ξl =

[
mα

mβ

V0 − El(kz)

El(kz)

]1/2

, (17)

fl =

{
1− cos(αla + kzd)

chβlb

}1/2

·
{

1− cos(αla− kzd)

chβlb

}−1/2

. (18)

Íîðìèðîâî÷íàÿ ïîñòîÿííàÿ, îïðåäåëÿåìàÿ èç óñëîâèÿ

−a
2∫

−a+b
2

dz|Φ1l(z)|2 +

a
2∫

−a
2

dz|Φ2l(z)|2 +

a+b
2∫

a
2

dz|Φ3l(z)|2 = 1, (19)

ðàâíà
Bl =

{
a

2

[
(1 + fl)

2

(
1 +

sinαla

αla

)
+ (1− fl)

2 ×

×
(

1− sinαla

αla

)]
+

1

4βl

(1− e−βlb)×

×
[
(1 + fl)

2

(
cos

αla

2
+

1

ξl

sinαla

2

)2

+

+(1− fl)
2

(
1

ξl

cos
αla

2
− sinαla

2

)2
]

+
1

4βl

(eβlb − 1)×

×
[
(1 + fl)

2

(
cos

αla

2
− 1

ξl

sinαla

2

)2

+

+ (1− fl)
2

(
1

ξl

cos
αla

2
+ sinαla

2

)2
]

+

+
b

2

[
(1 + fl)

2

(
cos2 αla

2
− 1

ξ2
l

sin2αla

2

)
−

− (1− fl)
2

(
1

ξ2
l

cos2 αla

2
− sin2αla

2

)]}−1/2

. (20)
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Çàâèñèìîñòü ýíåðãèè El(kz) îò âîëíîâîãî âåêòîðà kz, ñîîòâåòñòâóþùåãî ðàñïðîñòðàíå-
íèþ ýëåêòðîííîé âîëíû âäîëü îñè ñâåðõðåøåòêè z, îïðåäåëÿåòñÿ äèñïåðñèîííûì ñîîò-
íîøåíèåì (ñì. (17))

cos kzd = chβlb cos αla +
ξ2
l − 1

2ξl

shβlbsinαla (21)

(íèæíåé ãðàíèöå ÷åòíîé ìèíèçîíû ñîîòâåòñòâóåò kz = 0, âåðõíåé � kz = π/d).
Äëÿ íå÷åòíûõ ñîñòîÿíèé (îòìåòèì èõ èíäåêñîì n = 2, 4, 6, ...):

Φ1n(z) = Cn exp
{

βn

(
z +

a

2

)}
+ Dn exp

{
−βn

(
z +

a

2

)}
, (22)

Φ2n(z) = Bn{(1 + fn)sinαnz + i(1− fn) cos αnz}, (23)

Φ3n(z) = −C∗
n exp

{
−βn

(
z − a

2

)}
−D∗

n exp
{

βn

(
z − a

2

)}
, (24)

Cn = ReCn + iImCn, −C∗
n = −ReCn + iImCn, (25)

ReCn =
Bn

2
(1 + fn)

(
1

ξn

cos
αna

2
− sinαna

2

)
, (26)

ImCn =
Bn

2
(1− fn)

(
cos

αna

2
+

1

ξn

sinαna

2

)
, (27)

Dn = ReDn + iImDn, −D∗
n = −ReDn + iImDn, (28)

ReDn = −Bn

2
(1 + fn)

(
sinαna

2
+

1

ξn

cos
αna

2

)
, (29)

ImDn =
Bn

2
(1− fn)

(
cos

αna

2
− 1

ξn

sinαna

2

)
, (30)

βn =
1

~
{2mβ[V0 − En(kz)]}1/2, αn =

1

~
[2mαEn(kz)]

1/2,

ξn =

[
mα

mβ

V0 − En(kz)

En(kz)

]1/2

, (31)

fn =

{
1− cos(αna + kzd)

chβnb

}1/2

·
{

1− cos(αna− kzd)

chβnb

}−1/2

. (32)

Íîðìèðîâî÷íàÿ ïîñòîÿííàÿ Bn è ýíåðãèÿ En(kz) îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè
(19)-(21), â êîòîðûõ ôóíêöèè Φsl(z) (s = 1, 2, 3) çàìåíÿþòñÿ ôóíêöèÿìè Φsn(z), à
âåëè÷èíû αl, βl, ξl � ñîîòâåòñòâåííî âåëè÷èíàìè αn, βn, ξn (íèæíåé ãðàíèöå ìèíèçîíû
ñîîòâåòñòâóåò kz = π/d, âåðõíåé � kz = 0).

31



Êðàòêèå ñîîáùåíèÿ ïî ôèçèêå ÔÈÀÍ íîìåð 10, 2010 ã.

2. Êîýôôèöèåíò ïîãëîùåíèÿ ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ ïðè ìåæïîäçîííûõ ïå-
ðåõîäàõ ýëåêòðîíîâ â ñâåðõðåøåòêàõ.

Îïåðàòîð âçàèìîäåéñòâèÿ ýëåêòðîíîâ ñ ýëåêòðîìàãíèòíûì èçëó÷åíèåì îïðåäåëÿåò-
ñÿ âûðàæåíèåì [5]

Ĥ ′ =
e

m(z)c
~A~̂p = − ie~

m(z)c
~A∇, (33)

ãäå e � çàðÿä ýëåêòðîíà, c � ñêîðîñòü ñâåòà, ~̂p � îïåðàòîð èìïóëüñà,

~A(~r, t) = A0~s cos(~kω~r − ωt) =

=
A0~s

2

{
ei(~kω~r−ωt) + e−i(~kω~r−ωt)

}
(34)

� âåêòîðíûé ïîòåíöèàë, ~kω è ω � ñîîòâåòñòâåííî âîëíîâîé âåêòîð è ÷àñòîòà ýëåêòðî-
ìàãíèòíîé âîëíû, ~s � åäèíè÷íûé âåêòîð â íàïðàâëåíèè ~A.

Ñóììàðíîå ÷èñëî ïåðåõîäîâ ýëåêòðîíîâ èç ïîäçîíû l â ïîäçîíó n (÷èñëî ïåðåõîäîâ
èç ïîäçîíû l â ïîäçîíó n ìèíóñ ÷èñëî îáðàòíûõ ïåðåõîäîâ) â åäèíèöó âðåìåíè â åäèíèöå
îáúåìà ïîä äåéñòâèåì ïëîñêîé ìîíîõðîìàòè÷åñêîé ýëåêòðîìàãíèòíîé âîëíû ÷àñòîòû
ω ðàâíî

Wln =
2

(2π)3

∫
d3~k · 2π

~
|〈Ψ∗

n|Ĥ ′|Ψl〉|2×

×{F (El(~k))− F (En(~k))}δ{En(~k)− El(~k)− ~ω}, (35)

ãäå

F (El,n(~k)) =

{
1 + exp

[
El,n(~k)− EF

k0T

]}−1

(36)

� ôóíêöèÿ ðàñïðåäåëåíèÿ Ôåðìè, EF � ýíåðãèÿ Ôåðìè, k0 � ïîñòîÿííàÿ Áîëüöìàíà, T

� òåìïåðàòóðà, δ{En(k) − El(k) − ~ω} � δ-ôóíêöèÿ. Ìàòðè÷íûé ýëåìåíò ïåðåõîäà èç
ïîäçîíû ñ ýíåðãèåé El(~k) â ïîäçîíó ñ ýíåðãèåé En(~k) ñ ïîãëîùåíèåì ôîòîíà ñ ýíåðãèåé
~ω ðàâåí (ñì. (1), (8)-(10), (22)-(24), (33))

〈Ψ∗
n(~r)|Ĥ ′|Ψl(~r)〉 = −ie~A0sz

2c
×

×
3∑

j=1

1

mj

∫
dzΦ∗

jn(z)
∂

∂z
Φjl(z). (37)

Çäåñü sz � ïðîåêöèÿ âåêòîðà ~s íà îñü z, à ôóíêöèè Φjl(z) è Φ∗
jn(z) îïðåäåëÿþòñÿ âûðà-

æåíèÿìè (8)-(32).
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Ïðè âû÷èñëåíèè ìàòðè÷íîãî ýëåìåíòà (37) ó÷èòûâàëîñü ëèøü ïåðâîå ñëàãàåìîå â
ïðàâîé ÷àñòè ôîðìóëû (34), îáåñïå÷èâàþùåå çàêîí ñîõðàíåíèÿ ýíåðãèè; âêëàä âòîðîãî
ñëàãàåìîãî ïðåíåáðåæèìî ìàë.

Âûðàçèì êâàäðàò àìïëèòóäû âåêòîðíîãî ïîòåíöèàëà ÷åðåç ïëîòíîñòü ôîòîíîâ N .
Âåêòîðíûé ïîòåíöèàë ~A è íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ ~E â ýëåêòðîìàãíèòíîé
âîëíå ñâÿçàíû ñîîòíîøåíèåì

~E = −1

c

∂ ~A

∂t
= −ω

c
A0~s sin(~kω~r − ωt). (38)

Â âûðàæåíèÿõ, êâàäðàòè÷íûõ îòíîñèòåëüíî ïîëåé (íàïðèìåð, ïëîòíîñòè ýíåðãèè), ñëå-
äóåò èñïîëüçîâàòü âåùåñòâåííûå çíà÷åíèÿ ïîëåé [6]. Ñëåäîâàòåëüíî, ñðåäíÿÿ ïî âðåìå-
íè ïëîòíîñòü ýíåðãèè â ýëåêòðîìàãíèòíîé âîëíå ðàâíà

1

8π
(n2E2 + µH2) =

1

4π
n2E2 =

n2ω2

8πc2
A2

0 = N~ω, (39)

ãäå n � ïîêàçàòåëü ïðåëîìëåíèÿ. Èç (39) ïîëó÷èì

A2
0 =

8π~c2

ωn2
N. (40)

Ïîäñòàâèâ â (35) âûðàæåíèÿ (37), (40) è ïîäåëèâ íà ïëîòíîñòü ïîòîêà ôîòîíîâ â âåùå-
ñòâå Nc/n, ïîëó÷èì êîýôôèöèåíò ïîãëîùåíèÿ

κln =
e2~2s2

z

πncω

∫
d3~k

∣∣∣∣∣
3∑

j=1

1

mj

∫
dzΦ∗

jn(z)
∂

∂z
Φjl(z)

∣∣∣∣∣

2

×

×{F (El(~k))− F (En(~k))}δ{En(~k)− El(~k)− ~ω}. (41)

Â ìîäåëè ñèëüíî ñâÿçàííûõ ýëåêòðîíîâ çàâèñèìîñòü ýíåðãèè îò âîëíîâîãî âåêòîðà â
ïîäçîíàõ ìîæåò áûòü ïðåäñòàâëåíà â âèäå:

El,n(~k) = El,n(kz) +
~2k2

⊥
2mα

, (42)

El(kz) = Elc − ∆l

2
cos kzd, Elc = El0 +

∆l

2
,

En(kz) = Enc +
∆n

2
cos kzd, Enc = En0 +

∆n

2
, (43)

ãäå El0, En0 � ýíåðãèè äíà ïîäçîí; Elc = El(kz), Enc = En(kz) � ýíåðãèè ñðåäíèõ (öåí-
òðàëüíûõ) óðîâíåé â ïîäçîíàõ; ∆l, ∆n � øèðèíà ïîäçîí. Âûðàæåíèÿ (42), (43) ëåãêî
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ïîëó÷èòü ïóòåì ðàçëîæåíèÿ äèñïåðñèîííîãî ñîîòíîøåíèÿ (21) â ðÿä â îêðåñòíîñòè äíà
ïîäçîí; ýôôåêòèâíàÿ ìàññà ýëåêòðîíîâ äëÿ ïîïåðå÷íîãî äâèæåíèÿ ïðèíÿòà ðàâíîé ýô-
ôåêòèâíîé ìàññå ýëåêòðîíîâ â äîëèíàõ, òàê êàê â äîëèíàõ ýëåêòðîíû èìåþò áîëüøóþ
àìïëèòóäó âåðîÿòíîñòè, ÷åì â áàðüåðàõ. Ïîñëå ïîäñòàíîâêè â (41) âûðàæåíèé (42), (43),
èíòåãðèðîâàíèÿ ïî kx, ky è çàìåíû δ-ôóíêöèè Ëîðåíöèàíîì L(kz), êîòîðûé ôåíîìåíî-
ëîãè÷åñêè ó÷èòûâàåò óøèðåíèå ëèíèè ïîãëîùåíèÿ, ïîëó÷èì

κln = 4
e2k0Ts2

z

ncωmα

π/d∫

0

dkzR(kz)L(kz), (44)

R(kz) =

∣∣∣∣∣
3∑

j=1

mα

mj

∫
dzΦ∗

jn(z)
∂

∂z
Φjl(z)

∣∣∣∣∣

2

×

×ln
1 + exp

(
EF−El(kz)

k0T

)

1 + exp
(

EF−En(kz)
k0T

) , (45)

L(kz) =
Γ/π

[Enc − Elc − ~ω + ∆1+∆2

2
cos kzd]2 + Γ2

, (46)

ãäå Γ � ïîëóøèðèíà ëèíèè ïîãëîùåíèÿ. Èç (45) ñëåäóåò, ÷òî ìåæïîäçîííûå ïåðåõîäû
ýëåêòðîíîâ âîçìîæíû ëèøü â òîì ñëó÷àå, åñëè ýëåêòðè÷åñêîå ïîëå ýëåêòðîìàãíèòíîé
âîëíû èìååò z-ñîñòàâëÿþùóþ, ïåðïåíäèêóëÿðíóþ ñëîÿì ñâåðõðåøåòêè. Èíòåãðèðîâà-
íèå ïî z â (45) ïðîâîäèòñÿ â ïðåäåëàõ ýëåìåíòàðíîé ÿ÷åéêè, ò.å. â èíòåðâàëàõ (íà÷àëî
êîîðäèíàò íàõîäèòñÿ â öåíòðå êâàíòîâîé ÿìû; ñì. (8)-(10), (22)-(24)):

−a + b

2
≤ z ≤ −a

2
, −a

2
≤ z ≤ a

2
,

a

2
≤ z ≤ a + b

2
. (47)

Ðåçóëüòàò èíòåãðèðîâàíèÿ ïî z âûðàæàåòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè. Èíòåãðèðî-
âàíèå ïî kz â îáùåì ñëó÷àå ìîæåò áûòü âûïîëíåíî ëèøü ÷èñëåííûì ìåòîäîì. Â ñâÿçè
ñ ýòèì ïðåäñòàâëÿåò èíòåðåñ ðàññìîòðåòü ðÿä ïðåäåëüíûõ ñëó÷àåâ, â êîòîðûõ êîýô-
ôèöèåíò ïîãëîùåíèÿ ìîæåò áûòü âûðàæåí ÷åðåç ýëåìåíòàðíûå ôóíêöèè. Ýòè ñëó÷àè
ïðåäñòàâëÿþò ïðàêòè÷åñêèé èíòåðåñ, ïîñêîëüêó ìîãóò áûòü ðåàëèçîâàíû â
ýêñïåðèìåíòå.

3. Êîýôôèöèåíò ïîãëîùåíèÿ ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ â ñâåðõðåøåòêàõ ñ
ñèëüíûìè áàðüåðàìè.

Ïîä ñèëüíûìè áàðüåðàìè ïîäðàçóìåâàþòñÿ áàðüåðû, âåðîÿòíîñòü òóííåëèðîâàíèÿ
÷åðåç êîòîðûå äîñòàòî÷íî ìàëà, ò.å. äëÿ êîòîðûõ âûïîëíÿþòñÿ íåðàâåíñòâà (ñì. (17),
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(31), (42), (43))
exp(−βlc · b) << 1, exp(−βnc · b) << 1,

βlc = βl(El(kz)), βnc = βn(En(kz)), (48)

à øèðèíà ïîäçîí ïðè ýòîì óäîâëåòâîðÿåò íåðàâåíñòâàì
∆l

Elc

,
∆l

V0 − Elc

<< 1,
∆n

Enc

,
∆n

V0 − Enc

<< 1. (49)

Âñå âåëè÷èíû â (8)-(32), (44)-(46) ðàçëîæèì â ðÿä ïî ìàëûì ïàðàìåòðàì, óêàçàííûì
â (48), (49), ñ ó÷åòîì ÷ëåíîâ íóëåâîãî è ïåðâîãî ïîðÿäêîâ ìàëîñòè. Çàïèøåì â ôîðìå
óïîìÿíóòûõ âûøå ðÿäîâ ëèøü íåêîòîðûå âûðàæåíèÿ, âõîäÿùèå â (8)-(32), (44)-(46), à
èìåííî (ñì. (17), (31), (42), (43)):

sinαla

2
=

±ξlc√
1 + ξ2

lc

{
1− 2

1 + ξ2
lc

e−βlcb cos kzd+

+
1

4(1 + ξ2
lc)

(
∆l

Elc

+
∆l

V0 − Elc

)
cos kzd

}
, (50)

cos
αla

2
=

±1√
1 + ξ2

lc

{
1 +

2ξ2
lc

1 + ξ2
lc

e−βlcb cos kzd−

− 1

4

ξ2
lc

1 + ξ2
lc

(
∆l

Elc

+
∆l

V0 − Elc

)
cos kzd

}
, (51)

sinαna

2
=

±1√
1 + ξ2

nc

{
1− 2ξ2

nc

1 + ξ2
nc

e−βncb cos kzd+

+
1

4

ξ2
nc

1 + ξ2
nc

(
∆n

Enc

+
∆n

V0 − Enc

)
cos kzd

}
, (52)

cos
αna

2
=

±ξnc

1 + ξ2
nc

{
1 +

2

1 + ξ2
nc

e−βncb cos kzd−

− 1

4(1 + ξ2
nc)

(
∆n

Enc

+
∆n

V0 − Enc

)
cos kzd

}
, (53)

ξlc =

(
mα

mβ

V0 − Elc

Elc

)1/2

, ξnc =

(
mα

mβ

V0 − Enc

Enc

)1/2

. (54)

Çíàê ïðàâûõ ÷àñòåé ðàâåíñòâ (50)-(53) îïðåäåëÿåòñÿ çíàêîì èõ ëåâûõ ÷àñòåé. Ðÿäû
(50)-(53) ïîëó÷åíû ñ ïîìîùüþ äèñïåðñèîííîãî óðàâíåíèÿ (21), â êîòîðîì âñå âåëè÷èíû
(ñì. (17), (31), (42), (43)) ðàçëîæåíû, â ñâîþ î÷åðåäü, â ðÿä ïî ïàðàìåòðàì (48), (49).
Áóäåì ïðåäïîëàãàòü äàëåå, ÷òî

|EF − Elc| >>
∆l

2
, |EF − Enc| >>

∆n

2
. (55)
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Ïðè óñëîâèè (55) ëîãàðèôìè÷åñêèå ÷ëåíû â (45) ìîãóò áûòü ïðåäñòàâëåíû â âèäå (ñì.
(42), (43))

ln{1 + exp[(EF − En(kz))/k0T ]} ≈ π~2Nsn

mαk0T
, (56)

ln{1 + exp[(EF − El(kz))/k0T ]} ≈ π~2Nsl

mαk0T
, (57)

ãäå Nsl è Nsn � ïîâåðõíîñòíàÿ êîíöåíòðàöèÿ ýëåêòðîíîâ ñîîòâåòñòâåííî â �l� è �n�
ïîäçîíå.

Ïîäñòàâèâ â (44)-(46) âûðàæåíèÿ (56), (57) è âîëíîâûå ôóíêöèè ýëåêòðîíîâ (8)-(10),
(22)-(24), ïðåäñòàâëåííûå â ôîðìå ðÿäîâ ïî ïàðàìåòðàì (48), (49), âûïîëíèâ èíòåãðèðî-
âàíèå ïî z â èíòåðâàëàõ (47) è èíòåãðèðîâàíèå ïî kz, ïîëó÷èì êîýôôèöèåíò ïîãëîùåíèÿ
(ñì. (17), (18), (31), (32), (42), (43), (48), (54)) â âèäå

κln =
16πe2~2 · (Nsl −Nsn)s2

z

ncωm2
αa2dΓ

G0B
2
lcB

2
ncP

2
ln, (58)

ãäå

B2
lc =

{
1 +

sinαlca

αlca
+

2− exp(−βlcb)

βlca(1 + ξ2
lc)

}−1

, (59)

B2
nc =

{
1− sinαnca

αnca
+

2− exp(−βncb)

βnca(1 + ξ2
nc)

}−1

, (60)

Pln = αlc

[sin(αlc + αnc)
a
2

αlc + αnc

− sin(αnc − αlc)
a
2

αnc − αlc

]
±

± mαβlc

mβ(βlc + βnc)
[(1 + ξ2

lc)(1 + ξ2
nc)]

−1/2

[
2− exp

(
−(βlc + βnc)

b

2

)]
, (61)

αlc = αl(El(kz)), αnc = αn(En(kz)), (62)

G0 = Γd

π/d∫

0

dkzL(kz) =
η2

√
2

{
1 + γ

η
×

×
[
1 + g1/2 − γ2 − η2

g[(1 + γ)2 + η2]

]1/2

+
(g1/2 + γ2 + η2 − 1)1/2

g1/4[(1 + γ)2 + η2]

}
, (63)

g = (1 + γ2 + η2)2 − 4γ2, η =
2Γ

∆l + ∆n

, (64)

γ = 2
Enc − Elc − ~ω

∆l + ∆n

. (65)

Òðè çàìå÷àíèÿ ê ôîðìóëàì (58)-(65). Çàìåòèì, âî-ïåðâûõ, ÷òî ÷ëåíû ïåðâîãî ïîðÿäêà
ìàëîñòè, âõîäÿùèå â âûðàæåíèå (45) â ðåçóëüòàòå ðàçëîæåíèÿ åãî â ðÿä ïî ìàëûì
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ïàðàìåòðàì (48), (49), ïðîïîðöèîíàëüíû cos kzd; ïîñëå èíòåãðèðîâàíèÿ ïî kz ýòè ÷ëåíû,
íàðÿäó ñ ìàëûìè ïàðàìåòðàìè (48), (49), áóäóò ñîäåðæàòü â êà÷åñòâå ìíîæèòåëÿ åùå
îäèí ìàëûé ïàðàìåòð

G1 = Γd

π/d∫

0

dkzL(kz) cos kzd =
η2

√
2
×

×
{

(g1/2 + γ2 + η2 − 1)1/2

g1/4[(1 + γ)2 + η2]
− γ(1 + γ) + η2

η

[
1 + g1/2 − γ2 − η2

g[(1 + γ)2 + η2]

]1/2
}

<< G0. (66)

Ýòè ÷ëåíû, êàê è äðóãèå ÷ëåíû âòîðîãî ïîðÿäêà ìàëîñòè, à òàêæå, åñòåñòâåííî, ÷ëå-
íû áîëåå âûñîêèõ ïîðÿäêîâ ìàëîñòè, íå ó÷èòûâàëèñü. Çàìåòèì òàêæå, ÷òî â (63) è (66)
ïðåäñòàâëåíû òî÷íûå çíà÷åíèÿ èíòåãðàëîâ G0 è G1, ïîñêîëüêó Ëîðåíöèàí (46) íå ñîäåð-
æèò ìàëûõ ïàðàìåòðîâ (48), (49). Çàìåòèì, íàêîíåö, ÷òî çíàê ïåðåä âòîðûì ñëàãàåìûì
â (61) îïðåäåëÿåòñÿ çíàêîì ïðîèçâåäåíèÿ

(
cos

αla

2
+

1

ξl

sinαla

2

) (
1

ξn

cos
αna

2
− sinαna

2

)
. (67)

4. Ñâåðõðåøåòêè ñ ïðåäåëüíî âûñîêèìè (øèðîêèìè) ïîòåíöèàëüíûìè áàðüåðàìè.
Â ýòîì ñëó÷àå áóäåì ñ÷èòàòü âûïîëíåííûìè óñëîâèÿ (ñì. (17), (31))

βlcb, βncb, ξlc, ξnc →∞, ∆l, ∆n → 0. (68)

Ïðè óñëîâèÿõ (68) (ñì. (8)-(20), (22)-(32), (43), (59)-(62))

αlc = l
π

a
, αnc = n

π

a
, B2

lc = B2
nc = 1,

Pln =
l

n + l
sin(n + l)

π

2
− l

n− l
sin(n− l)

π

2
, (69)

G0 =
Γ2

(En0 − El0 − ~ω)2 + Γ2
, G1 = 0, (70)

à êîýôôèöèåíò ïîãëîùåíèÿ ðàâåí

κln =
16πe2~2(Nsl −Nsn) · s2

z

ncωm2
αa2dΓ

· Γ2

(En0 − El0 − ~ω)2 + Γ2
×

×
{

l

n + l
sin(n + l)

π

2
− l

n− l
sin(n− l)

π

2

}2

. (71)

Ïðè l = 1, n = 2 ôîðìóëà (71) ñîâïàäàåò ñ ôîðìóëîé (3.26), ïðèâåäåííîé â [4], c. 46.
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Ò à á ë è ö à 1

Ñòðóêòóðà I II III
a, �A 70 71 250
b, �A 150 81 40
V0, meV 202 240 240
N 100 50 100
Ns1 −Ns2, ñì−2 7 · 1011 7.1 · 1011 4 · 1011

E1c, meV 55 57.09 7.34
E2c, meV 179.4 196.25 29.18
∆1, meV ≈0 0.5 0.27
∆2, meV 3.2 11.5 1.25
κm

21(th), ñì−1 2.68 · 103 2.85 · 103 1.29 · 103

~ωm
21(th), meV 124.4 139.16 21.84

Γ, meV 7.5 9.3 7.5
κm

21(exp), ñì−1 2.25 · 103 2.86 · 103 �
~ωm

21(exp), meV 128.4 151.84 �
b21 0.86 0.9 0.95

5. Ñðàâíåíèå òåîðèè ñ ýêñïåðèìåíòîì ïðè T = 300 K.
Ðàññìîòðèì òðè òèïà (I, II, III) GaAs/AlxGa1−xAs MQW (multiple quantum wells)

ñòðóêòóð, äëÿ êîòîðûõ x = 0.25 − 0.3, îáúåìíàÿ êîíöåíòðàöèÿ ýëåêòðîíîâ Nv ≈
1018 ñì−3, ïîêàçàòåëü ïðåëîìëåíèÿ n = 3.54, ýôôåêòèâíûå ìàññû ýëåêòðîíîâ â êâàíòî-
âûõ ÿìàõ è áàðüåðàõ ðàâíû, ñîîòâåòñòâåííî, mα = 0.067m0, mβ = 0.092m0. Â òàáëèöå 1
ïðèâåäåíû äðóãèå ïàðàìåòðû ñòðóêòóð (ïåðâûå 9 ñòðîê), õàðàêòåðèçóþùèå ðàçëè÷èå
ìåæäó íèìè: øèðèíà êâàíòîâûõ ÿì a; øèðèíà b è âûñîòà V0 áàðüåðîâ; ÷èñëî ïåðèîäîâ
ñâåðõðåøåòêè N ; ðàçíîñòü ïîâåðõíîñòíûõ êîíöåíòðàöèé ýëåêòðîíîâ â ïåðâîé è âòî-
ðîé ïîäçîíàõ Ns1 −Ns2; âû÷èñëåííûå ïî ôîðìóëå (21) çíà÷åíèÿ ýíåðãèè öåíòðàëüíûõ
óðîâíåé â ïîäçîíàõ E1c, E2c; øèðèíà ïîäçîí ∆1, ∆2. Ëåãêî óáåäèòüñÿ â òîì, ÷òî ïðè óêà-
çàííûõ âûøå çíà÷åíèÿõ ïàðàìåòðîâ ñòðóêòóð âûïîëíÿþòñÿ íåðàâåíñòâà (48), (49), (55)
è, ñëåäîâàòåëüíî, óñëîâèÿ ïðèìåíèìîñòè ôîðìóë (58)-(66). Âû÷èñëåííûå ïî ôîðìóëàì
(58)-(66) ìàêñèìàëüíûå çíà÷åíèÿ êîýôôèöèåíòîâ ïîãëîùåíèÿ κm

21(th) è ñîîòâåòñòâóþ-
ùèå ýíåðãèè ôîòîíîâ ~ωm

21(th) = E2c−E1c ïðè ïåðåõîäàõ ýëåêòðîíîâ èç ïåðâîé ïîäçîíû
âî âòîðóþ ïðèâåäåíû â 10-é è 11-é ñòðîêàõ òàáëèöû 1.
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Â 12-é�14-é ñòðîêàõ òàáëèöû 1 ïðèâåäåíû ïîëó÷åííûå â [1] (äëÿ ñòðóêòóðû I) è â [2]
(äëÿ ñòðóêòóðû II) ýêñïåðèìåíòàëüíûå çíà÷åíèÿ Γ, κm

21(exp), ~ωm
21(exp). Â 15-é ñòðîêå

òàáëèöû 1 ïðèâåäåíû âû÷èñëåííûå ïî ôîðìóëå [4] (ñì. (59)-(62))

bln =
8~2

mαa2(Enc − Elc)
B2

lcB
2
ncP

2
ln (72)

çíà÷åíèÿ ñèë îñöèëëÿòîðîâ b21 ïðè ïåðåõîäàõ ýëåêòðîíîâ èç ïåðâîé ïîäçîíû âî âòîðóþ.
Äëÿ ñòðóêòóðû III âû÷èñëåíû òàêæå: ïèêîâîå çíà÷åíèå êîýôôèöèåíòà ïîãëîùåíèÿ ïðè
ïåðåõîäå ýëåêòðîíîâ èç ïåðâîé ïîäçîíû â ÷åòâåðòóþ κm

41(th) = 80 ñì−1 {κm
21(th)/κm

41(th) =

16}, ñîîòâåòñòâóþùàÿ ýòîìó ïåðåõîäó ýíåðãèÿ ôîòîíîâ ~ωm
41(th) = 106.72 meV, ñèëà

îñöèëëÿòîðà b41 = 0.03, ñóììà b21 + b41 = 0.98 (b41/b21 ≈ 32).
Âûâîäû.

1. Òåîðèÿ ïîãëîùåíèÿ ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ ñâåðõðåøåòêàìè ñ ïðÿìîóãîëü-
íûìè áàðüåðàìè, îñíîâàííàÿ íà ìîäåëè Êðîíèãà�Ïåííè è ãðàíè÷íûõ óñëîâèÿõ Áàñòàð-
äà (Bastard), óäîâëåòâîðèòåëüíî ñîãëàñóåòñÿ, êàê ñëåäóåò èç òåêñòà ñòàòüè è òàáëèöû 1,
ñ èìåþùèìèñÿ â ëèòåðàòóðå ýêñïåðèìåíòàëüíûìè äàííûìè.

2. Ïðèáëèæåííûå àíàëèòè÷åñêèå ôîðìóëû (58)-(61) ìîãóò áûòü èñïîëüçîâàíû äëÿ
âû÷èñëåíèÿ ñ äîñòàòî÷íîé ñòåïåíüþ òî÷íîñòè êîýôôèöèåíòà ïîãëîùåíèÿ ýëåêòðîìàã-
íèòíîãî èçëó÷åíèÿ â ñâåðõðåøåòêàõ, ïðåäñòàâëÿþùèõ ïî ñâîèì ñâîéñòâàì (ïàðàìåò-
ðàì) ïðàêòè÷åñêèé èíòåðåñ. Â ôîðìóëàõ (58)-(61) íàãëÿäíî îòðàæåíî âëèÿíèå áàðüåðîâ
íà ïîãëîùåíèå èçëó÷åíèÿ ñâåðõðåøåòêàìè, êîòîðîå, êàê ïîêàçàëè ÷èñëåííûå îöåíêè,
ÿâëÿåòñÿ ñóùåñòâåííûì.

3. ×àñòîòíàÿ çàâèñèìîñòü êîýôôèöèåíòà ïîãëîùåíèÿ îïðåäåëÿåòñÿ ìíîæèòåëåì

G0(~ω)/~ω. (73)

Èç (46), (63)-(65), (73) ñëåäóåò, ÷òî êðèâàÿ ïîãëîùåíèÿ ïðàêòè÷åñêè ñèììåòðè÷íà, åñëè
ðàññòîÿíèå Enc − Elc ìåæäó öåíòðàìè ïîäçîí ìíîãî áîëüøå ïîëóøèðèíû êðèâîé Γ.

4. Êðèâàÿ ïîãëîùåíèÿ èìååò åäèíñòâåííûé ïèê, à íå äâà, êàê óòâåðæäàëîñü ðàíåå
â ðÿäå ðàáîò, íàïðèìåð, â [7].

5. Ïèêîâîå çíà÷åíèå êîýôôèöèåíòà ïîãëîùåíèÿ äîñòèãàåòñÿ ïðè ýíåðãèè ôîòîíà,
ðàâíîé ~ωm

nl = Enc − Enl (ñì. (43)), ò.å. ðàçíîñòè ýíåðãèé öåíòðàëüíûõ óðîâíåé ïîäçîí,
ìåæäó êîòîðûìè ïðîèñõîäÿò ïåðåõîäû ýëåêòðîíîâ.

6. ×èñëåííûå çíà÷åíèÿ êîýôôèöèåíòà ïîãëîùåíèÿ äëÿ ðàññìîòðåííûõ â ñòàòüå
ñâåðõðåøåòîê ñ ðàçëè÷àþùèìèñÿ â äîâîëüíî øèðîêèõ ïðåäåëàõ ïàðàìåòðàìè ëåæàò
â èíòåðâàëå (1÷ 3) · 103 ñì−1.
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7. Òåîðåòè÷åñêèå çíà÷åíèÿ ñèë îñöèëëÿòîðîâ äëÿ âñåõ ðàññìîòðåííûõ ñâåðõðåøåòîê
íàõîäÿòñÿ â õîðîøåì ñîãëàñèè ñ òåîðåìîé ñóìì.

Àâòîð áëàãîäàðåí Â.Í. Ìóðçèíó çà ïëîäîòâîðíîå îáñóæäåíèå ðàáîòû è öåííûå çà-
ìå÷àíèÿ.
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