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ÌÅÒÐÈÊÈ È ÏÅÐÂÛÅ ÈÍÒÅÃÐÀËÛ ÓÐÀÂÍÅÍÈÉ
ÃÅÎÄÅÇÈ×ÅÑÊÈÕ 6-ÌÅÐÍÛÕ h-ÏÐÎÑÒÐÀÍÑÒÂ ÒÈÏÎÂ

[3(21)], [(32)1], [(321)]
Ç.Õ. Çàêèðîâà1

Â íàñòîÿùåé ñòàòüå íàéäåíà ìåòðèêà øåñòèìåðíûõ h-
ïðîñòðàíñòâ òèïîâ [3(21)], [(32)1], [(321)], à çàòåì îïðå-
äåëåíû êâàäðàòè÷íûå ïåðâûå èíòåãðàëû óðàâíåíèé ãåîäå-
çè÷åñêèõ â ýòèõ h-ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: îáùàÿ òåîðèÿ îòíîñèòåëüíîñòè, ïñåâäîðèìàíîâû ïðîñòðàíñòâà.
1. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îïðåäåëåíèå âñåõ êëàññîâ 6-ìåðíûõ h-ïðîñòðàíñòâ

òèïîâ [3(21)], [(32)1], [(321)], ò. å. ïñåâäîðèìàíîâûõ ïðîñòðàíñòâ V 6, äîïóñêàþùèõ íåòðè-
âèàëüíûå ðåøåíèÿ óðàâíåíèÿ Ýéçåíõàðòà, à òàêæå íàõîæäåíèå êâàäðàòè÷íûõ ïåðâûõ
èíòåãðàëîâ óðàâíåíèé ãåîäåçè÷åñêèõ ðàññìàòðèâàåìûõ ïðîñòðàíñòâ.

Ðåøåíèå çàäà÷è îñíîâàíî íà ïðåäëîæåííîé À. Â. Àìèíîâîé [1] òåõíèêå èíòåãðèðî-
âàíèÿ â êîñîíîðìàëüíîì ðåïåðå è ðàçâèòîì åé îáùåì ïîäõîäå ê íàõîæäåíèþ è èññëå-
äîâàíèþ ïðîåêòèâíûõ ïðåîáðàçîâàíèé ïñåâäîðèìàíîâûõ ìíîãîîáðàçèé.

Èçâåñòíî, ÷òî äèôôåðåíöèðóåìàÿ ñèììåòðè÷íàÿ áèëèíåéíàÿ ôîðìà h â ïñåâäîðè-
ìàíîâîì ìíîãîîáðàçèè Mn óäîâëåòâîðÿåò óðàâíåíèþ Ýéçåíõàðòà, åñëè óñëîâèå

∇h(X,Z,W ) = 2g(X,Z)Wϕ + 2g(X,W )Zϕ + 2g(Z, W )Xϕ (1)

âûïîëíÿåòñÿ äëÿ íåêîòîðîé 0-ôîðìû ϕ â Mn è ïðîèçâîëüíûõ âåêòîðíûõ ïîëåé
X, Z, W ∈ TMn.

Ïîñëå çàìåíû ïåðåìåííûõ
h = a + 2ϕg, (2)

ãäå a � ñèììåòðè÷íàÿ áèëèíåéíàÿ ôîðìà òîé æå õàðàêòåðèñòèêè, ÷òî è h, óðàâíåíèå
(1) ïåðåïèøåòñÿ â âèäå [1]

∇a(X, Z, W ) = g(X, W )Zϕ + g(W,Z)Xϕ, (3)
1 Êàçàíñêèé ãîñóäàðñòâåííûé ýíåðãåòè÷åñêèé óíèâåðñèòåò, 420066, Êàçàíü, óë. Êðàñíîñåëüñêàÿ,

51; e-mail: zolya−zakirova@mail.ru.
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ãäå X, W,Z � ïðîèçâîëüíûå âåêòîðíûå ïîëÿ, îïðåäåëåííûå â îáëàñòè V .
2. Óðàâíåíèÿ Ýéçåíõàðòà â êîñîíîðìàëüíîì ðåïåðå â ñëó÷àå h-ïðîñòðàíñòâ òèïîâ

[3(21)], [(32)1], [(321)]. Åñëè {Xl} � êîñîíîðìàëüíûé ðåïåð, òî èìååò ìåñòî óðàâíåíèå [1]

Xrapq +
n∑

h=1

eh(ahqγh̃pr + aphγh̃qr) = gprXqϕ + gqrXpϕ (4)

(p, q, r, h̃ = 1, . . . , n),

ýêâèâàëåíòíîå óðàâíåíèþ (1). Çäåñü

Xrϕ ≡ ξ
r

i ∂ϕ

∂xi
, γpqr = −γqpr = ξ

p
i,j ξ

q

iξ
r

j,

ξ
i

j � êîìïîíåíòû êîñîíîðìàëüíîãî ðåïåðà, apq è gpr ÿâëÿþòñÿ êàíîíè÷åñêèìè çíà÷åíè-
ÿìè òåíçîðîâ aij è gij.

Â ðàññìàòðèâàåìûõ h-ïðîñòðàíñòâàõ êàíîíè÷åñêèå ôîðìû çàïèñûâàþòñÿ â âèäå

ḡijdxidxj = e3(2dx1dx3 + dx22
) + 2e5dx4dx5 + e6dx62

, (5)

āijdxidxj = e3λ3(2dx1dx3 + dx22
) + 2e3dx2dx3 + 2e5λ5dx4dx5+

+e5dx52
+ e6λ6dx62

,

(e1 = e2 = e3, e4 = e5), ei = ±1,

ãäå λ1 = λ2 = λ3, λ4 = λ5, λ6 � âåùåñòâåííûå ôóíêöèè, ÿâëÿþùèåñÿ êîðíÿìè õà-
ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ det(hij − λgij) = 0. Â ñëó÷àå h-ïðîñòðàíñòâ òèïà [3(21)]

λ4 = λ5 = λ6, äëÿ h-ïðîñòðàíñòâ òèïà [(32)1)] λ1 = λ2 = λ3 = λ4 = λ5, â ñëó÷àå
h-ïðîñòðàíñòâ òèïà [(321)] âñå λi (i = 1, . . . , 6) ñîâïàäàþò.

Ïîäñòàâèâ â óðàâíåíèå (4) âìåñòî ḡpq è āpq ñîîòâåòñòâóþùèå êàíîíè÷åñêèå çíà÷åíèÿ
èç (5) è ó÷èòûâàÿ, ÷òî â ðàññìàòðèâàåìûõ ïðîñòðàíñòâàõ 1̃ = 3, 2̃ = 2, 3̃ = 1, 4̃ = 5, 5̃ =

4, 6̃ = 6, ïîëó÷èì ñèñòåìû n2(n + 1)/2 óðàâíåíèé, êîòîðûå ïîñëå ðÿäà ïðåîáðàçîâàíèé
ïðèâîäÿòñÿ ê ñëåäóþùåìó âèäó.
Õàðàêòåðèñòèêà χ10 = [3(21)]:

Xrλ3 = 0 (r 6= 3), Xrλ6 = 0, X3(λ3 − 2/3ϕ) = 0, (6)

γ213 =
1

2
e3X3ϕ, γ312 = γ321 = −e3X3ϕ,

γ345 = γ354 =
e5X3ϕ

λ3 − λ5

, γ366 =
e6X3ϕ

λ3 − λ6

,
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γ56r ïðîèçâîëüíû, îñòàëüíûå èíâàðèàíòû γpqr ðàâíû íóëþ.
Õàðàêòåðèñòèêà χ11 = [(32)1]:

Xrλ5 = 0, Xrλ6 = 0 (r 6= 6), X6(λ6 − 2ϕ) = 0, (7)

γ163 = γ262 = γ361 =
e3X6ϕ

λ5 − λ6

, γ263 = γ362 = − e3X6ϕ

(λ5 − λ6)2
,

γ363 =
e3X6ϕ

(λ5 − λ6)3
, γ564 = γ465 =

e5X6ϕ

λ5 − λ6

, γ565 = − e5X6ϕ

(λ5 − λ6)2
,

γ25r = γ34r,

γ35r ïðîèçâîëüíû, îñòàëüíûå èíâàðèàíòû γpqr ðàâíû íóëþ.
Õàðàêòåðèñòèêà χ12 = [(321)]:

Xrλ6 = 0, γ25r = γ34r, (8)

γksr (k, s = 3, 5, 6, k 6= s) ïðîèçâîëüíû, îñòàëüíûå èíâàðèàíòû γpqr ðàâíû íóëþ.
3. h-ïðîñòðàíñòâà òèïà [3(21)]. Èçâåñòíî, ÷òîáû ñèñòåìà ëèíåéíûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

Xqθ =ξ
q

i ∂iθ = 0, (q = 1, . . . , m, i = 1, . . . , 6),

ãäå ξ
q

i� êîìïîíåíòû ââåäåííîãî âûøå ðåïåðà, áûëà âïîëíå èíòåãðèðóåìîé, ò. å. ÷òî-
áû îíà äîïóñêàëà 6 − m íåçàâèñèìûõ ðåøåíèé, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âñå
êîììóòàòîðû îïåðàòîðîâ ñèñòåìû ([3], ñì. òàêæå [1])

(Xq, Xr)θ = XqXrθ −XrXqθ =
6∑

p=1

ep(γpqr − γprq)Xp̃ (9)

ëèíåéíî âûðàæàëèñü ÷åðåç îïåðàòîðû Xq.
Âû÷èñëèâ ñ ïîìîùüþ (6) êîììóòàòîðû îïåðàòîðîâ Xi äëÿ h-ïðîñòðàíñòâà òèïà

[3(21)]:
(X1, X2) = (X1, X4) = (X2, X4) = 0, (10)

(X1, X3) = e2(γ213 − γ231)X2, (X2, X3) = e1(γ123 − γ132)X3,

(X3, X4) = e5γ534X4, (X1, X5) = −e6γ651X6, (X1, X6) = −e5γ561X4,

(X2, X5) = −e6γ652X6, (X2, X6) = −e5γ562X4,

(X3, X5) = e4γ435X5 − e6γ653X6, (X4, X5) = −e6γ654X6,
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(X3, X6) = e6γ636X6 − e5γ563X4, (X4, X6) = −e5γ564X4,

(X5, X6) = −e5γ565X4 + e6γ656X6,

ïîñëå ïðåîáðàçîâàíèÿ êîîðäèíàò xi′ = θi(x), ïîëó÷èì

ξ
α

i= Pα(x)δα
i, ξ

3

γ=ξ
5

β=ξ
6

β=ξ
6

5= 0, (11)

ãäå α = 1, 2, 4, γ = 1, 4, 5, 6, β = 1, 2, 3. Çäåñü θi ÿâëÿþòñÿ ðåøåíèÿìè âïîëíå èíòå-
ãðèðóåìûõ ñèñòåì èç (10) Xpθ = 0 (p 6= 3), Xqθ = 0 (q 6= 5), Xrθ = 0 (r 6= 1),
X1θ = X2θ = X3θ = X4θ = 0, X1θ = X4θ = X5θ = X6θ = 0 è X1θ = X2θ = X3θ = 0.
Ïåðâûå òðè ñèñòåìû èìåþò ïî îäíîìó ðåøåíèþ, ñîîòâåòñòâåííî θ3, θ5 è θ1, ÷åòâåðòàÿ
ñèñòåìà � äâà íåçàâèñèìûõ ðåøåíèÿ θ5 è θ6. Ïÿòàÿ ñèñòåìà èìååò äâà ðåøåíèÿ θ2 è θ3,
à øåñòàÿ � òðè ðåøåíèÿ θ4, θ5, θ6.

Ñ ïîìîùüþ ýòèõ ðàâåíñòâ èç óðàâíåíèé (6), íå ñîäåðæàùèõ γpqr, íàéäåì

ϕ =
3

2
f3 + c, fi = λi, (12)

ãäå f1 = f2 = f3(x
3) � ïðîèçâîëüíûå ôóíêöèè óêàçàííîãî ïåðåìåííîãî, f4 = f5 = f6 = λ

� const.
Èíòåãðèðóÿ ñèñòåìó óðàâíåíèé, ïîëó÷åííóþ èç (10), ñ ó÷åòîì ôîðìóë (6), (11) è

(12), à òàêæå [1]

gij =
6∑

h=1

eh ξ
h

iξj

h̃

,

ïîñëå ïðåîáðàçîâàíèÿ êîîðäèíàò íàéäåì

ξ
1

1= ξ
2

2= 1, ξ
3

2= −εx1

2A
, ξ

3

3=
1

2A
, ξ

4

4=ξ
5

5= (f3 − λ)−3/2,

g44 = e4(f3 − λ)−3(Σ + θ(x5, x6)), g45 = e4(f3 − λ)−3, g66 = e6(f3 − λ)−3.

Âû÷èñëèâ êîìïîíåíòû òåíçîðîâ gij, ïîëó÷èì

gijdxidxj = e3{(dx2)2 + 4Adx1dx3 + 2εx1dx2dx3 + (εx1)2(dx3)2}+ (13)

+e4(f3 − λ)3{2dx4dx5 − (Σ + ω)(dx5)2}+ e6(f3 − λ)3(dx6)2.

Çäåñü
A = εx2 + θ(x3), Σ = 3(f3 − λ)−1, (14)
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f3 = εx3, ε = 0, 1, θ(x3), ω(x5, x6) � ôóíêöèè ñâîèõ ïåðåìåííûõ; c, λ � const. Èç ïîëó÷åí-
íûõ ðåçóëüòàòîâ, èñïîëüçóÿ ôîðìóëû [1]

ξ
h

i = gij ξ
h

j, aij =
6∑

h,l=1

ehelāhl ξ
l̃

iξ
l̃

j,

íàéäåì
aijdxidxj = f3gi1j1dxi1dxj1+ (15)

+2g13dx2dx3 + 4Aεx1(dx3)2 + λgi2j2dxi2dxj2 + g45(dx5)2,

hij = aij + (3εx3 + c)gij, (16)

ãäå i1, j1 = 1, 2, 3, i2, j2 = 4, 5, 6.
4. h-ïðîñòðàíñòâà òèïà [(32)1]. Â ýòîì ñëó÷àå êîììóòàòîðû îïåðàòîðîâ èìåþò âèä

(X1, X2) = −e5γ521X4, (X1, X3) = −e4γ431X5 − e5γ531X4, (17)

(X1, X4) = −e3γ341X1, (X1, X5) = −e2γ251X2 − e3γ351X1,

(X1, X6) = −e3γ361X1, (X2, X3) = e5γ523X4 − e4γ432X5 − e5γ532X4,

(X2, X4) = e5γ524X4 − e3γ342X1,

(X2, X5) = e5γ525X4 − e2γ252X2 − e3γ352X1,

(X2, X6) = −e3γ362X1 − e2γ262X2 + e5γ526X4,

(X3, X4) = −e3γ343X1 + e4γ434X5 + e5γ534X4,

(X3, X5) = −e2γ253X2 + e4γ435X5 − e3γ353X1 + e5γ535X4,

(X3, X6) = −e1γ163X3 − e2γ263X2 − e3γ363X1 + e4γ436X5 + e5γ536X4,

(X4, X5) = −e2γ254X2 + e3(γ345 − γ354)X1,

(X4, X6) = e3γ346X1 − e5γ564X4,

(X5, X6) = e2γ256X2 + e3γ356X1 − e4γ465X5 − e5γ565X4.

ßñíî, ÷òî ñèñòåìû Xpθ = 0 (p 6= 3), Xqθ = 0 (q 6= 6) âïîëíå èíòåãðèðóåìûå è èìåþò ïî
îäíîìó ðåøåíèþ θ3 è θ6. Ñèñòåìû X1θ = X2θ = X4θ = X6θ = 0, X1θ = X4θ = X6θ = 0,
X1θ = X6θ = 0 è óðàâíåíèå X6θ = 0 òàêæå âïîëíå èíòåãðèðóåìûå. Ïåðâàÿ ñèñòåìà
èìååò ðåøåíèÿ θ3 è θ5, âòîðàÿ ñèñòåìà � θ2, θ3 è θ6, òðåòüÿ ñèñòåìà � θ2, θ3, θ4 è
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θ5. Óðàâíåíèå X6θ = 0 èìååò ðåøåíèå θq (q 6= 6). Ñäåëàâ ïðåîáðàçîâàíèÿ êîîðäèíàò
xi′ = θi(x), â íîâîé êîîðäèíàòíîé ñèñòåìå, îïóñòèâ øòðèõè, ïîëó÷èì

ξ
s

i= P (x)δs
i, ξ

2

r= ξ
2

5= ξ
3

6= ξ
4

r= ξ
4

2= ξ
4

5= ξ
5

r= 0, (18)

ãäå s = 1, 6, r = 3, 6.
Èç óðàâíåíèé (7), íå ñîäåðæàùèõ γpqr, íàéäåì

ϕ =
1

2
f6 + c, fi = λi, (19)

ãäå f6 � ïðîèçâîëüíàÿ ôóíêöèÿ ïåðåìåííîãî x6, f1 = f2 = f3 = f4 = f5 = λ � const.
Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ïðîèçâîäíûõ ∂

∂xi
â ñîîòíîøåíèÿõ (17),

ìû ïîëó÷èì ñèñòåìó èç 60 óðàâíåíèé íà êîìïîíåíòû âåêòîðîâ ðåïåðà, èç êîòîðîé ïîñëå
ïîäõîäÿùåãî ïðåîáðàçîâàíèÿ êîîðäèíàò ïîëó÷èì

ξ
1

1= ξ
2

2= ξ
3

3= (f6 − λ)−1/2, ξ
6

6= 1,

g11 = e3(f6 − λ)−1{(f6 − λ)−2 + θ(x3, x5)}, g12 = e3(f6 − λ)−2,

g44 = e5(f6 − λ)−1{(f6 − λ)−1 + ω(x3, x5)}, g45 = e5(f6 − λ)−1.

Èç ïðåäûäóùåãî ñëåäóåò, ÷òî òåíçîðû gij, aij è hij èìåþò âèä

gijdxidxj = e3(f6 − λ){(dx2)2 + 2dx1dx2 + ω(dx3)2}− (20)

−2e3dx2dx3 + e4(f6 − λ){2dx4dx5 − ω(dx5)2} − e5(dx5)2 + e6(dx6)2,

aijdxidxj = λgi1j1dxi1dxj1 + 2g22dx2dx3+ (21)

+g23(dx3)2 + g45(dx5)2 + e6f6(dx6)2,

hij = aij + (f6 + c)gij, (22)

ãäå f6(x
6), θ(x3, x5), ω(x3, x5)� ïðîèçâîëüíûå ôóíêöèè óêàçàííûõ ïåðåìåííûõ, c, λ �

const, i1, j1 = 1, 2, 3, 4, 5.
5. h-ïðîñòðàíñòâà òèïà [(321)]. Â ñëó÷àå h-ïðîñòðàíñòâà òèïà [(321)] ôóíêöèÿ

ϕ = const, îòñþäà òåíçîð hij ÿâëÿåòñÿ êîâàðèàíòíî-ïîñòîÿííûì. Îïóñêàÿ äàëüíåéøèå
âû÷èñëåíèÿ, âûïèøåì ðåçóëüòàò:

gijdxidxj = e3{(dx2)2 + 2dx1dx3 − 2dx2dx3 + θ(dx3)2}+ (23)
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+e4{2dx4dx5 − ω(dx5)2}+ e6(dx6)2,

aijdxidxj = λgijdxidxj + 2e3dx2dx3 + e3(dx3)2 + e4(dx5)2, (24)

hij = aij + cgij, (25)

ãäå θ, ω � ïðîèçâîëüíûå ôóíêöèè ïåðåìåííûõ x3, x5, x6, c, λ � const.
Ñôîðìóëèðóåì ïîëó÷åííûå ðåçóëüòàòû â âèäå ñëåäóþùåé òåîðåìû

Òåîðåìà 1. Åñëè òåíçîð hij òèïîâ [3(21)], [(32)1], [(321)] è ôóíêöèÿ ϕ óäîâëåòâîðÿþò
â V 6 óðàâíåíèÿì Ýéçåíõàðòà (1), òî ñóùåñòâóåò ãîëîíîìíàÿ ñèñòåìà êîîðäèíàò, â
êîòîðîé òåíçîðû gij, hij è ôóíêöèÿ ϕ îïðåäåëÿþòñÿ ôîðìóëàìè (12)�(16), (19)�(22),
(23)�(25).

6. Êâàäðàòè÷íûå ïåðâûå èíòåãðàëû óðàâíåíèé ãåîäåçè÷åñêèõ h-ïðîñòðàíñòâ òèïîâ
[3(21)], [(32)1], [(321)]. Êàæäîìó ðåøåíèþ hij óðàâíåíèÿ (1) ñîîòâåòñòâóåò êâàäðàòè÷-
íûé ïåðâûé èíòåãðàë óðàâíåíèé ãåîäåçè÷åñêèõ

(hij − 4ϕgij)ẋ
iẋj = const, (26)

ãäå ẋi � êàñàòåëüíûé âåêòîð ãåîäåçè÷åñêîé.
Ñëåäîâàòåëüíî, êâàäðàòè÷íûå ïåðâûå èíòåãðàëû óðàâíåíèé ãåîäåçè÷åñêèõ h-

ïðîñòðàíñòâ òèïîâ [3(21)], [(32)1], [(321)] îïðåäåëÿþòñÿ ôîðìóëîé (26), ãäå òåíçîðû hij,
gij è ôóíêöèÿ ϕ îïðåäåëåíû â Òåîðåìå 1.

Àâòîð áëàãîäàðåí ïðîôåññîðó À. Â. Àìèíîâîé çà ïîñòàíîâêó çàäà÷è è çà ñîâåòû â
åå ðåøåíèè.

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ãðàíòîì ÐÔÔÈ � 10�02�00509.
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